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"ti ' Abstract 

Here we consider the product of varieties with n-blocks collections . We give some 
cohomological splitting conditions for rank 2 bundles. A cohomological characterization 
for vector bundles is also provided. The tools are Beilinson's type spectral sequences 
generalized by Costa and Miro-Roig. Moreover we introduce a notion of Castelnuovo- 
Mumford regularity on a product of finitely many projective spaces and smooth quadric 
hypersurfaces in order to prove two splitting criteria for vector bundle with arbitrary 
rank. 



O ■ Introduction 

00 ' 

A well known result by Horrocks (see [9]) characterizes the vector bundles without interme- 
diate cohomology on a projective space as direct sum of line bundles. This criterion fails on 
more general varieties. In fact there exist non-split vector bundles on X without intermediate 
$—i ' cohomology. This bundles are called ACM bundles. 

On a quadric hypersurface Q n there is a theorem that classifies all the ACM bundles (see 
|12j ) as direct sums of line bundles and spinor bundles (up to a twist - for generalities about 
spinor bundles see [1"6]). 

Ottaviani has generalized Horrocks criterion to quadrics and Grassmanniann giving cohomo- 
logical splitting conditions for vector bundles (see pj)] and [T7]). 

The starting point of this note is [6] where Laura Costa and Rosa Maria Miro-Roig give a new 
proof of Horrocks and Ottaviani's criteria by using different techniques. Beilinson's Theorem 
was stated in 1978 and since then it has become a major tool in classifying vector bundles 
over projective spaces. Beilinson's spectral sequence was generalized by Kapranov (see |10j 
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and [TT]) to hyperquadrics and Grassmannians and by Costa and Miro-Roig (see [6]) to any 
smooth projective variety of dimension n with a n-block collection. 

Our aim is to use these results and techniques in order to give some cohomological splitting 
conditions for rank 2 bundles on products of varieties with n-blocks collections. 

We also give some Cohomological characterization for vector bundles. Horrocks in [9] 
gives a cohomological characterization of p-differentials over ¥ n . 

Ancona and Ottaviani in [J] give this characterization on quadrics and Costa and Miro-Roig 
on multiprojective spaces. Here we give some different characterization on quadrics and we 
extend the result by Costa and Miro-Roig on any product of varieties with n-blocks collections. 

In the last section we specialize on a product X of finitely many projective spaces and 
smooth quadric hyper surf aces. In [2] and [3] we introduced a notion of Castelnuovo-Mumford 
regularity on quadric hypersurfaces and multiprojective spaces. We will give a suitable defi- 
nition of regularity on such a product X in order to prove splitting criteria for vector bundle 
with arbitrary rank. Let E be a vector bundle on X. We will give two criteria which says 
when E is (up to a twist) a direct sum of O or the tensor product of pull-backs of spinor 
bundles on the quadric factors of X (see Theorems 14.111 and I4.12j) . 

We want to thank Claudio Fontanari for the helpful discussions and Laura Costa and 
Rosa Maria Miro-Roig for having showed us theirs preprints, which were the starting point 
of our work. 

1 Preliminaries 

Throughout the paper X will be a smooth projective variety defined over the complex numbers 
C and we denote by V = D b (Ox — mod) the derived category of bounded complexes of 
coherent sheaves of Ox-modules. 
For the notations we refer to [6]. 

Now we give the definition of n-block collection in order to introduce a Beilinson's type 
spectral sequence generalized: 

Definition 1.1. An exceptional collection (Fq,F\, . . . ,F m ) of objects ofT> (see fdjj Definition 
2.1.) is a block if Ext l Tt (Fj, Fk) = for any i and j ^ k. 

An n-block collection of type (ckq, ai, . . . , a n ) of objects ofT> is an exceptional collection 

{£o,£i, ■ ■ ■ ,£ m ) = (Ei, ■ ■ ■ ,E® ,E\, ... , E ai ,. . . ,E±, ... , E™ n ) 
such that all the subcollections £i = (E\, . . . , E l a _) are blocks. 
Notation 1.2. If F is a bundle on X and 

(£ , £ i, . . . , £ m ) = (Ei, ... , E® , E\ , . . . , E ai , Ei, ... , £7™J 
is an n-block collection, we denote by £j the direct sum of all the bundle in £j, 

£] = <LxEi. 

So we have 

F®£~ = ®'*i 1 (F®Ei). 
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Example 1.3. (Op«(— n), Opn(— n + 1), . . . , O^n) is an n-block collection of type (1, 1, ... , 1) 
on F n (see J2J/ Example 2.3.(1);. 



Example 1.4. Let us consider a smooth quadric hypersurface Q n in P n . 

We use the unified notation £* meaning that for even n both the spinor bundles Si and £2 

are considered, and for n odd, the spinor bundle S. We follow the notation of ffj^ so the 

spinor bundles are twisted by 1 with respect to those of Jffl$ (T,* = S*(l)) 

(f 0, 0(— n+1), . . . , 0(— 1), O), where £q = (X*(— n)), is an n-block collection of type (1, 1, ... , 1) 

if n is odd, and of type (2, 1, ... , 1) if n is even (see [6] Example 3.4.(2) ). 

Moreover we can have several n-block collections: 

o-j = (0{j), ...,0(n- 1), 0(n + 1), . . . , 0(n +j - 1)) 

where £ n -j = (£*(n — 1)) and 1 < j < n (see [7|/ Proposition 4. 4). 

Example 1.5. Let X = G(k,n) be the Grassmanniann of k- dimensional subspaces of the 
n-dimensional vector space. Assume k > 1. We have the canonical exact sequence 

where S denote the tautological rank k bundle and Q the quotient bundle. 
Denote by A(k, n) the set of locally free sheaves T, a S where a runs over diagrams fitting in- 
side a k x (n- k) rectangle. We have £(pA...,o) 5 = S p S> s (i,i,o,...,o) 5 = A 2 S = s ^ and 
•%{pi+t,P2+t, -Pk+t) 5 = j]( pi '?W'?> fc )£(£). 

A(k,n) can be totally ordered in such a way that we obtain a k(n — k)-block collection 
a = (£0, . . . , £"fc( n „fe)) by packing in the same block £ r the bundles T, a S with \a\ = k(n — k) — r 
(see JBH Example 3.4. (1)). 

Example 1.6. Let X = P ni x • • • x P n '' be a multiprojective space and d = ri\ + • • • + n r . 

For any < j < r, denote by £j the collection of all line bundles on X 

O x (a{,a 3 2 , ...,a 3 r ) 

with —ni < a\ < and X^I=i a \ = 3 ~ d. Using the Kunneth formula we prove that £j is a 
block and that 

(£0, ■ ■ ■ ,£d) 

is a d-block collection of line bundles on X (see [6J Example 3.4. (3)). 

Beilinson's Theorem was generalized by Costa and Miro-Roig to any smooth projective 
variety of dimension n with an n-block collection of coherent sheaves which generates T> (see 
[6] Theorem 3.6.). 



2 Products of n-blocks Collections 

Let X, Y be two smooth projective varieties of dimension n and m. Let (£/o> • • • iGn), Qi = 
(Gq ; • • • , G l a J be a n-block collection for X and (^"o, • • • > ^m), Fi = (-^o; • • • , F%^) a m-block 
collection for Y. 
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Notation 2.1. We denote by Qi M J-j the set of all the bundles Gk F m on X xY such that 
G k E Qi and F m £ Tj . 

For any < k < n + m, we define £ k = Qi Tj where i + j = k. 

Lemma 2.2. (fo, . . . ,f n + m ) is a (to + n)-block collection for X x Y and it generates the 
derived category T>. 

Proof. By [5] Proposition 3.4. we have that (£q, • • • , £ n +m) is a strongly exceptional collection 
and by [5] Proposition 4.16. it generates the derived category T>. 

We only need to prove that each £{ is a block. Let Gj MFk and GiMF m two different bundles 
of £i we have to show that 

Ext°{Gj M F k , G t m F m ) = Ext°(Gj m G t ) ® Ext°{F k m F m ) = 0. 

Now, since j A-k = l + m = i and (j, k) ^ (I, to) , we have j < I that means Ext°(Gj Kl G[) = 
or k < to that means Ext°(Fk Kl F m ) = 0. 

All the other vanishing comes from the fact that {£ o, . . . , £ n ± m ) is a strongly exceptional 
collection. □ 

Remark 2.3. Let X = X\ x • • • x X r where dimXj = ni and d = n\ + • • • + n r . For every 
Xi let us consider the ni-blocks collection (Qq, . . . Q l n .). Let assume that for any i = 1, . . .r, 

q:, 

For any < k < r, denote by £k the collection of all bundles on X 

g\ ® ■ ■ ■ ® Qi 

with YJi=\ ji = k - 

(£q, . . . ,£d) is a d-block collection on X and it generates the derived category T>. 



Example 2.4. Let X = Q ni x • • • x Q Ur be a multiquadric space and d = n\ H h n r . Let 

us assume n{ > 3 for every i. 

For every Q ni let us consider the ni-block collection (Q l , . . . Q l n ), where Qq = nj)) and 

Q) = 0{-n t + j) forl<j <n t . 

Now we define a d-block collection on X . 

For any < k < r, denote by £k the collection of all bundles on X 

Q) M---MQ r , 

with Y%=i3i = k- 

On X = Xi x • • • x X r we can use the Beilinson's type spectral sequences generalized by 
Costa and Miro-Roig in order to prove splitting criteria. 

We want to apply [6] Proposition 4.1. for a bundle E on X. We need for any i, < i < d— 1, 

H i (X,E®E d - i - 1 ) = 0. 

In particular 

H°(X,E®£ d „ 1 ) = Q. 

Here £ d = (Ox(0, . . . , 0)) but £d-i is more complicated so we need the following definition: 
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Definition 2.5. A bundle E on X = X\ x • • • x X r is normalized if H°(X,E) ^ and 
H°(X,E®S d -x) = 0. 

In particular on multiquadrics E is normalized if H° (X , E) 7^0 and H°(X, E®Ox(ai, ■ ■ ■ a r )) = 
when a±, . . .a r are non-positive integers not all vanishing. 

Now we can prove the following result (cfr |13j): 

Proposition 2.6. Let X = X\ x • • • x X r as in Remark \2.3l Let E be a normalized bundle 
on X. If, for any i, 1 < i < d — 1, 

H i {x,E®g) i m---mg r jr ) = o 

when Y^h=l 3h = i + 1; then E contains Ox as a direct summand. 

Proof. Since E is normalized H°(X,E) + but H°(X,E® S d -i) = 0. So we can apply [6] 
Proposition 4.1. for E and conclude that E contains = O as a direct summand.. □ 

Remark 2.7. The above Proposition cannot become a splitting criterion because it is not pos- 
sible to iterate the above argument. In fact we cannot obtain normalized bundles by tensoring 
only with 0(t, . . . , t). We have a splitting criteria only for rank two bundles 

Corollary 2.8. Let X = X\ x • • • x X r as in Remark \2.3[ Let E be a rank two normalized 
bundle on X. If, for any i, 1 < i < d — 1, 

H i (x,E®g 1 jl m---®g r jr ) = o 

when Yuh=i Jh = i + 1> then E splits as a direct sum of line bundles. 

Remark 2.9. In the last section we will see that, when X = P ni x • • • x P ns x Q mi x • • • x Q mq 

by using different techniques, it is possible to prove splitting criteria for bundles with arbitrary 
rank. 

3 Cohomological Characterization of Vector Bundles 

Horrocks in [9] gives a cohomological characterization of p-differentials over P n . 

Ancona and Ottaviani in jT] extend this characterization on quadrics: 

they show that, if J 7 is a coherent sheaf on Q n and for some t € Z and some < j < n 

H^Tit - i - 1)) = for j < i < n - 2 

ir(V(i - % + 1)) = for 1 < % < j 

ffn-i^-p (g, yj^ _ n ^ _ q £ or an y S pi nor bundle S, 

then T contains ipj as direct summand (see [1] Theorem 6.3.). 

Moreover, let J 7 be a coherent sheaf on Q n and suppose that for some t £ Z 

W^it - i - 1)) = for < i < n - 2, and 

H n ~ 1 (J r iS>T,(t - n)) = fl 1 *- 1 ^ - n)) = , then 

for n odd T contains S v (— t + l) h " ( :F ® E (*- n )) as direct summand 

for n even T contains S^(-t + l)^ 1 (^"®s 2 (t-n)) ffi T^(-t + ^""'(^^(t-n)) as direct gum . 
mand 

(see [1] Theorem 6.7.). 
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Remark 3.1. By using different n-block collections on Q n we can obtain different cohomo- 
logical characterizations. 

Let us consider for instance the n-block collection: 

(0(-n + l),£ l7 0(-n + 2),...,0) 
where £\ = (E*(— n + 1)) and its right dual 

where T~L n -i = (S*), (see ^ Proposition 4.4j. 

Let J- be a coherent sheaf on Q n and suppose that for some t £ Z 

H*(F(t - i + 1)) = for 1 < i < n - I, and 

H n - 1 {J : {t - n + 1)) = , then 

for n odd T contains S v (— t) h " as direct summand 

for n even T contains £V (.^"-^^(t-n+i)) ffi ^v^^-^Ei^-n+i)) as direct sum _ 
mand. 

Moreover if J 7 is a coherent sheaf on Q n and for some f G Z and some < j < n — 1 

H^Tif = for j <i<n-2 

H^lt - i + 1)) = for 1 < i < j 

H n ~ 2 (J- ® E(i — n + 1)) =0 for any spinor bundle T,, 

H n - 1 (J r (t-n + l)) = 

then T contains tpj as direct summand. 

Proof. Our cohomological conditions are corresponding to those of [6] Proposition 4.8 so we 
can conclude that E contains as a direct summand the term E^ n of the spectral sequence 
defined in [6] Theorem 3.6. 

El" is x v (-t) hn ~ 1 C F ® s (*- re+1 )) or S) , (-t)' l " 1 ( f8S2 ^ n+1 %S^(-f)' 1 " 1 (^ Sl ^" +1 " if j = 
n - 1 and it is if < j < n - 1. □ 

Laura Costa and Rosa Maria Miro-Roig give a cohomological characterization on multi- 
projective spaces ([6] Proposition 4.10 and Theorem 4.11) and grassmannians (see [6] Corol- 
lary 4.12.). 

Let us consider now in general the products of varieties with an n-block collection. We have 
the following result: 

Lemma 3.2. Let X,Y be two smooth projective varieties of dimension n and m. Let 
(Go, ■ ■ ■ ,Qn) an d (Fo, ■ ■ ■ ,J- m ) be an n-block collection for X and an m-block collection for 
Y . Let ('Go, . . . ' Qn) and ('Fq, . . . ,' J- m ) be their right dual collections (see J3J/ Proposition 
3.9J. 

For any < k < n + m, we define '8k — Gi <8>' J~j where i + j = k. 

Then ('£ o, . . . / £ n + m ) is the right dual (m + n)-block collection of . . . , £ n + m ) on X xY . 

Proof. ('£0, . . . / £ n +m) is an (m + n)-block collection by the above lemma. 

In order to prove that it is the right dual collection of (£0, ■ ■ ■ , £n+m) we only need to show 

that it verifies the orthogonality conditions (see [6] (3.7) and (3.8)). 

For every couple of bundles G T and 'G J~ on X x Y, 

ff a (Ixy,^f®'5l'f)= H ai {X,G®'G)®H a2 {Y,T®' F). 

a.\-\-ot.2=oi. 
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So the orthogonality conditions of ('Go, . . . ,' Gn) and ('To, . . . ,' T m ) on X and Y imply those 
of('£o,...,'£ n + m ) onX xY. □ 

Remark 3.3. Let X = X\ x • • • x X r where dimXj = Uj and d = n\ + ■ ■ ■ + n r . For every 
Xi let us consider the rii-blocks collection (G , ■ ■ ■ G l n ) and the right dual n^-blocks collection 
('G , ■■■Qn i )- 

For any < k < r, denote by 'E/. the collection of all bundles on X 

% m---m'Gl 

with Yn=i3i = k - 

('So, ■ ■ ■ ' Ed) is the right dual d-block collection of (So, . . . , Si) . 

The block '£d-j is the orthogonal block of the block Sj because it contains all the orthogonal 
bundles of the bundles in Sj . 

Example 3.4. Let us consider X = P ni x • • • x P nr x Q rni x • • • x Q ms with d = n\-\ + 

n r + mi + . . . m s . On every P™ 1 we consider the ni-block collection: 

g* = (0(- ni ),0(- ni + l),...,0) 

and its right dual 

(o,T(-i),...,A n *T(-n i )) 

and on every Q mi we consider the mi-block collection: 

H mi = (0(-mi + 1), HT , 0(-rm + 2),...,0) 
where TL™ 1 = m, + 1)) and its right dual 

(o,^,...,^_ 2 ,'HZu^(i)) 

where = (£*)■ 

We can obtain a d-block collection 

(So, ■■■Ed) 

as in Remark \2.3l 

For any 0(t{) B • • • MO(t r ) B O(fci) B ■ ■ ■ MO(k h ) B E*(-m h+ i - 1) B ■ ■ ■ B (-m s - 1) e £ d -k 
andanyO<k<d(0<h< 0). 

R Ed £d _ k 0(ti) E • • • E 0(t r ) B 0(h) B • • • B 0(k h ) B E*(-m ft+ i - 1) B ■ ■ ■ B S*(-m s - 1) = 
A -tl T(ti) Ei • • • B A- tr T(t r ) E (h) E • • • E ipl kh {k h ) E S* E • • • E E* 

Proposition 3.5. Let X = X\ x • • • x X r where dimXj = rii and d = n\ + • • • + n r . Let 

(So, ■ ■ ■ ,£d) be the d-block collection with right dual ('So, . . . ' Ed) as in Remark \3.3[ We 
denote by rj the rank of 'Sj . 
Let E be a bundle on X. 

Assume there exists j , < j < n such that for any —n<p< — j — 1 

H~ p - 1 (X,E®£^) = 

and for any j + 1 < p < 

H-p +1 (X,E®£^) = 0. 

If rank E = rd-j , then 

E 7 S d ~. 
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Proof. Our cohomological conditions are corresponding to those of [6] Proposition 4.8 so we 
can conclude that E contains as a direct summand the term E^ n of the spectral sequence 
defined in [6] Theorem 3.6. 
Now, since rank E = Td—j, then 

E * 7 £ d ~. 

□ 

Example 3.6. Let us consider X = P 3 x Q 3 . 

On P 3 we have the collection (C(-3), . . . , O) and the right dual (O, T(-l), . . . , A 3 T(-3)) 
and on Q 3 we have the collection (£(— 3)), 0(— 2), . . . , O) and the right dual (O, ip^ , tp^ > 
We can obtain a 6-block collection 

(So, . . . £ e ) 

as in Remark \2. 31 

Let E be a rank 12 bundle such that 

H^(X,E®£~£) = H l (X,E) = 

and for any 1 < i < 5 

W(X,E®£l~) =0. 

Then 

e ^ (T(i) ei o) e (O m = T(i) m ^. 
4 Regularity on P" 1 x • • • x P ns x Q mi x • • • x Q mq 

In [2] we introduced the following definition of regularity on Q n (cfr [2J Definition 2.1 and 
Proposition 2.4): 

Definition 4.1. A coherent sheaf F on Q n (n > 2) is said to be m-Qregular if H l (F(m—i)) = 
Ofori = l,...,n-l, H n - 1 (F(m) <g> £*(-n + 1)) =0 and £P(F(m-n+l)) = 0. 
W^e say Qregular in order to O-Qregular. 

In [3] we introduced the following definition of regularity on P ni x • • • x P" s (cfr [3] 
Definition 4.1): 

Definition 4.2. A coherent sheaf F on P ni x • • • x P ns is said to be (pi, . . . ,p s )-regular if, 
for all i > 0, 

H i (F(pi, ...,p s )(g> 0(ki, . . . , k B )) = 
whenever k\ + . . . , = — i and — rtj < fcj < for any j = 1, . . . , s. 

Now we want to introduce a notion of regularity on P™ 1 x • • • x P" s x Q mi x • • • x Q mq . 
Let us consider X = P n x Q m . 

Definition 4.3. On P n we consider the n-block collection: 

(£ ,...£n) = (O(-n),O(-n + l),...,O) 
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and on Q m we consider the m-block collection: 

(Go,... 9m) = (0(-m+l),9i,...,0) 

where Gi = (£*(— m + 1)). 

A coherent sheaf F on X is said to be (p,p') -regular if, for all i > 0, 

H i (F(p,p')®£ n „ j EGm- k ) = 
whenever j + k = i, —n < — j < and —m < —k < 0. 

Remark 4.4. If m = 2 Definition \4-3\ coincides with Definition \4-S\ on P n x P 1 xP 1 . 
In fact the 2-block collection on Qi is 

(0(-l),{S 1 (-l),E 2 (-l)},0) = (O(-l,-l),{O(-l,0), 0(0,-1)}, O). 

Remark 4.5. If m = we can identify X with P n and the sheaf F(k,k') with F(k). Un- 
der this identification F is (p,p') -regular in the sense of Definition \4-3j if and only if F is 
p-regular in the sense of Castelnuovo-Mumford. 

In fact, let i > 0, H^Ffap') ® £ n _j M G m -k) = H\F(jp - j)) = whenever j + k = i, 
—n < — j < and —m < —k < if and only if H l (F(p — j)) = whenever —i < — j < if 
and only if H l (F(p' — i)) = 0. 

If n = we can identify X with Q m and the sheaf F(k, k') with F(k'). Under this identifica- 
tion F is (p,p') -regular in the sense of Definition \4-<% if and only if F is p'-Qregular on Q m . 
In fact, let i > 0, H' i (F(p,p') <g> M G m -k) = H^Fty) G m -k) = whenever j + k = i, 
—n < — j < and —m < —k < if and only if W (F(p') (g> Gm-i) = if and only if F is 
p'-Qregular. 

Lemma 4.6. (1) Let H be a generic hyperplane of~P n . If F is a regular coherent sheaf on 
X = P n x Qm, then F^ is regular on L\ = H x Q m . 

(2) Let H' be a generic hyperplane of Q m . If F is a regular coherent sheaf on X — P n x Q m , 
then F\ L2 is regular on L2 = P n x H' . 

Proof. (1) We follow the proof of [8] Lemma 2.6.. We get this exact cohomology sequence: 

H*{F(-j, 0)®Om g m . k ) ^ H l {F\ Ll (-j, 0) O M g m ^ k ) H\F(-j - 1, 0) % O ® G m -k) 

If j + k = i, —n < — j < and —m < —k < 0, we have also —n — 1 < j — 1 < 0, so the first 
and the third groups vanish by hypothesis. Then also the middle group vanishes and F\ Ll is 
regular. 

(2) We have to deal also with the spinor bundles. Firs assume m even, say m = 21. We have 
Si|n =£210 = S. Let us consider the exact sequences 

I -<£m— 1 I -Om — 1 

-> O(-j) M Ei(-m) -» O(-j) M 0(-m + l) 2 ' -» O(-j) K S 2 (-m + 1) 
tensor ed by F. 

Leti >m-landj = m-l-j. Since if i (FoO(-i)KS 2 (-m + l)) =F i (Fl8l£ n _i^ffl) = 
and H i+1 (F(-j, -m + 1)) = H i+1 (F £ S Q Q ) = 0, we also have 
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H i+1 (F ® O(-j) m Ei(-m)) = 0. 
From the exact sequences 

-> O(-jf) IS Ei(-m + 1) -» O(-i) H Ei(-m + 2) -> O(-j) IS Si,n (-m + 2) -» 

I —^m— 1 

tensored by F, we get 

ff ! (F(- Jl 0)SS 1 (-m+l)) - ^(F(-i,0)KE 1|gm i (-m+l)) -> iJ i+1 (F(-i,0)KE 1 (-m)) 

If i > m — 1 and j = m — 1 — j, the first and the third groups vanish by hypothesis. Then 
also the middle group vanishes. 

Assume now m odd, say m = 21 + 1. We have E,n — Ei © E2. We can consider the exact 

-om— 1 

sequences 

-> O(-j) Kl E(-m) -» O(-j) Kl 0(-m + 1) 2 ' +1 -> 0(-j) H E(-m + 1) -»> 
tensored by -F. Then we argue as above. 

All the others vanishing in Definition 14.31 can be proved as in (1) and we can conclude that 
F\l 2 is regular. 

□ 

Proposition 4.7. Let F be a regular coherent sheaf on X = P n x Q m then 

1. F(p,p') is regular for p,p' > 0. 

2. H°(F(k,k')) is spanned by 

H°(F(k-l,k'))®H°(O{l,0)) 
if k — 1, k' > 0; and it is spanned by 

H°(F(k, k' - 1)) <g) H°(O(0, 1)) 

if k, k' — 1 > and m > 2. 

Proof. (1) We will prove part (1) by induction. Let F be a regular coherent sheaf, we want 
show that also F(1,0) is regular. We follow the proof of [8J Proposition 2.7. 
Consider the exact cohomology sequence: 

H\F{-j, Q)®OM g m _ k ) -» fT(F(-j + 1,0)® OKI Q m ^ k ) -» (-j + 1, 0) ® O H g ro _ fc ) 

If j + k = i, — n < — j < and — m < — k < 0, so the first and the third groups vanish by 
hypothesis. Then also the middle group vanishes. 

A symmetric argument shows the vanishing for F(0, 1). We only have to check the vanishing 
involving the spinor bundles. 

iTCF(-J\0)BE,(-m+l)) iT(F(-j, l)KE*(-m+l)) ^ H\F(-j,l)MZ* ]0 (-m+1)) 

If j > m — 1 and j = m — 1 — j, the first and the third groups vanish by hypothesis. Then 
also the middle group vanishes. 
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(2) We will follow the proof of [8] Proposition 2.8. 
We consider the following diagram: 

if (F(fc-l,fc / ))® J ff°(O(l,0)) ^ H°(F lLl (k-l,k'))®H°(O Ll (l,0)) 

ill i T 

H°(F(k,k')) ^ H°(F [Ll (k,,k')) 

Note that a is surjective if k — 1, k' > because H 1 (F(k — 2, k')) = by regularity. 
Moreover also r is surjective by (2) for F\ Ll . 

Since both a and r are surjective, we can see as in |14| page 100 that fi is also surjective. 
In order to prove that H°(F(k, k')) is spanned by H°(F(k, k' -l))®H°(O(0, 1)) if k,k'-l > 0, 
we can use a symmetric argument since for m > 2 the spinor bundles are not involved in the 
proof. □ 

Remark 4.8. If F is a regular coherent sheaf on X = P n x Q m (m > 2) then it is globally 
generated. 

In fact by the above proposition we have the following surjections: 

H°(F) ® H (O(l, 0)) ® H°(O(0, 1)) -» F°(F(1, 0)) ® ff°(O(0, 1)) F°(F(1, 1)), 
and so i/te map 

fl- (O(l, 1)) -> 1)) 

is a surjection. 

Moreover we can consider a sufficiently large twist I such that F(l,l) is globally generated. 
The commutativity of the diagram 

H (F)®H°(O(l,l))®O -> H (F(l,l))®O 

1 I 
H (F)®O(l,l) -> F(Z,Z) 

yields the surjectivity of H°(F) ® 0(1,1) — > F(l,l), which implies that F is generated by its 
sections. 

If m = 2, then F is spanned by Remark \4-4\ and [3] Remark 2.6. 

Now we generalize Definition 14.31 

Definition 4.9. Lei us consider X = P ni x • • • x P ns x Q mi x • • • x Q m? . 
On P n J (where j = 1, . . . , s) we consider the nj-block collections: 

(Si...Si) = (0(-nj),0(-n j + l),...,0) 

and on Q m i (where I = 1, . . . , q) we consider the m q -block collections: 

(g l ,...g l m ) = (o(-m l + i),g[,...,o) 

where Q\ = (£*(— mi + 1)). 

A coherent sheaf F on X is said to be (p±, . . . ,p s +q) -regular if, for all i > 0, 

H\F( P1 , . . . ,p s+q ) ® 4^ El ... B £ s ns _ ks M M-.-M g q mq _ hq )) = 

whenever k\ + • • • + k s + h\ + • • • + h q = i, —nj < —kj < for any j = 1, . . . , s and 
—mi < —hi < for any I = 1, . . . , q. 
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Remark 4.10. All the above properties (in particular Remark \4-8\ ) can be proved (by using 
exactly the same arguments) also for this extension of Definition \4-3\ (cfr Jjjfl) 

We use our notion of regularity in order to proving some splitting criterion on X = 
P"i x ••• xP» x Q mi x ■■■ x Q mq . 

Theorem 4.11. Let E be a rank r vector bundle on X = P ni x • • • x P" s x Q mi x • • • x Q m? 

(mi, . . . , m q > 2). Set d = n\ + 1- n s + mi + • • • + m q . 

Then the following conditions are equivalent: 

1. for any i = 1, . . . , d — 1 and for any integer t, 

H\E(t, . . . ,t) <g> E\ x _ kx M ■ ■ ■ M £ s ns _ ks M Q x mx _ hl H • • ■ M G q mq _ hq )) = 

whenever k\ + . . . , +k s + h\ + ■ ■ ■ + h q = i, —nj < kj < for any j = 1, . . . , s and 
—mi < —hi < for any I = 1, . . . , q. 



2. There are r integer t\, . . . , t r such that E = ©£ =1 Oiti, . . . 

Proof. (1) (2). Let assume that t is an integer such that E(t, . . . ,t) is regular but E(t — 
1, . . . , t — 1) not. 

By the definition of regularity and (1) we can say that E(t — 1, . . . , t — 1) is not regular if and 
only if 

H d (E(t - 1, . . . , t - 1) ® 0(-ni, -n s , -mi + 1, . . . , -m q + 1)) ^ 0. 
By Serre duality we have that H°(E v (-t, ...,-*)) ^ 0. 

Now since E(t, . . . , t) is globally generated by Remark 14.81 and H°(E w (—t, . . . , —t)) ^Owe 
can conclude that O is a direct summand of E(t, . . . , t). 
By iterating these arguments we get (2). 

(2) (1). By Kiinneth formula for any i = 1, . . . ,m + n — 1 and for any integer t, 

H\0{t, . . . , t) ® H • • • El S s ns _ ks M Q x mi _ hl M ■ ■ ■ M g g mq _ hq )) = 

whenever k\ + . . . , +k s + h\ + • ■ ■ + h q = i, —nj < kj < for any j = 1, . . . , s and —mi < 
—hi < for any I = 1, . . . , q. 

Then O satisfies all the conditions in (1). □ 

Theorem 4.12. Let E be a rank r vector bundle on X = P ni x • • • x P" s x Q mi x • • • x Q mq 
(mi, . . . , m q > 2). Set d = n\ + • • • + n s + mi + • • • + m q . 
Then the following conditions are equivalent: 

1. for any i = 1, . . . , d — 1 and for any integer t, 

H\E(t, . . . ,t) ® £ l ni _ kl M---M £ s ns _ ks M Q x mx _ hx M ■ ■ ■ M G q mq _ hq )) = 

whenever k\ + . . . , +k s + h\ + • • • + h q < i, —nj < kj < for any j = 1, . . . , s and 
—mi < —hi < for any I = 1, . . . , q except when k\ = ■ ■ ■ = k s = and hi = mi — 1 for 
any I = 1, . . . , q. 
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2. E is a direct sum of bundles O and 0(0, . . . , 0) IE1 E* IE1 • • • IS] E* with some balanced twist 
(t,...,t). 

Proof. (1) => (2). Let assume that t is an integer such that E(t, ■ ■ ■ ,t) is regular but E(t — 
1, . . . , t — 1) not. 

By the definition of regularity and (1) we can say that E(t — 1, . . . , t — 1) is not regular if and 
only if one of the following conditions is satisfied: 

i H d (E(t - 1, . . . , t - 1) ® C(-ni, . . . , -n s , -m x + 1, . . . , -m q + 1)) + 0. 

ii fli»i+-+n.+fni-i+-+m,-i^ t - 1, 1) ® 0(-m, -n s ) M E*(-mi + 1) El ■ • • El 
£*(-m, + l)) ^0. 

Let us consider one by one the conditions: 

(i) Let H d (E(t — l, . . . , t — 1) <g)0(— m, . . . , — n s , —mi + 1, . . . , —m q + 1)) / 0, we can conclude 
that 0(t, . . . ,t) is a direct summand as in the above theorem. 

(it) Let H ni+ -" +n ' +mi - 1+ -" +m <- 1 (E(t, . . . , t) <g> 0(-m - 1, . . . , -n s - 1) H E*(-mi) El ■ • • E 
E*(— m ? )) / 0. Let us consider the following exact sequences tensored by E(t, . . . ,t): 

-» C(-m - 1, . . . , -n a - 1) M E*(-mi) El ■ • • E E*(-m,) -» . . . 

► O(0, -n 2 - 1, . . . , -n s - 1) El E*(-mi) El • • • El £*(-m ? ) -> 0, 

-> O(0, -n 2 - 1, . . . , -n s - 1) El E*(-mi) El ■ • • H E*(-m ? ) -»• . . . 

► O(0, 0, — n 3 — 1, ... , —n s — 1) El £*(-mi) El ■ • • El £*(-m,) -» 0, 

-> O(0, . . . , 0, -n a - 1) H E*(-mi) El • ■ ■ El £*(-m ? ) -»• . . . 

► O(0, . . . , 0) EI E*(-mi) EI • ■ ■ El E*(-m ? ) -» 0. 

Since all the bundles in the above sequences are 

°m— fci ^ aL -n s -{; s °»mi-/ii a ^^m q -h q 

with decreasing indexes, by using the vanishing conditions in (1) we can see that there is a 
surjection from 

^mi-i+-+m,-i^^ ...,*) ® O(0, . . . , 0) H E*(-mi) El • • • El £*(-m ? )) 

to 

ijni +-+n s +m 1 -i+-+m 9 -i^^ ) . . . , t) ® 0{-n x - 1, . . . , -n s - l)SS t (-mi)H • • ■8S t (-m,)). 
Let us consider now the following exact sequences on Q mi x • • • x Q m? for any integer p: 

-» £,(-mi)B- • -HS*(p-l) -> E*(-mi)H- • -EIO(;p) 2(lm9+1/2,) -> E*(-mi)El- • -HE»(p) -» 0. 
We get the long exact sequence 

-> E,(-mi) El ■ ■ • El £*(-m,) -> E*(-mi) El • • • M 0(-m q + i)2 ((m « +1/2]) _^ _ _ _ 
► KIE*(-mi) El • • ■ El £*(-!) -» 0. 
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In the same way we can get 

n(f«l„ 1 +1/21) 

-> E»(-mi) H • • • m E*(-l) -» E*(-mi) SI • • • H 0(-m,_i + l) 2 9 -» . . . 
► HE,(-mi) H ■ • • B E*(-l) B E*(-l) 0, 

-» E*(-mi) B E*(-l) B • • • B E*(-l) -► C(-mi + i)2 ([rai+1/21) g S*(-l) B BE*(-1) -» . . . 

>E*(-1)B---BE*(-1) -f0. 

Then on P™ 1 x • • • x P ns x Q mi x • • • x Q m<j we can obtain the following exact sequence 
tensored by E(t, . . . , t): 

-> O(0, . . . , 0) B E*(-mi) B • • • B E*(-m 3 ) -» . . . 

► O(0, . . . ,0) B E*(-l) B ■ • • B E*(-l) -» 0. 

By using the vanishing conditions in (1) as above we can see that there is a surjection from 

H°(E(t, . . . ,t) ® O(0, . . . ,0) El E*(-l) B ■ ■ ■ B E*(-l)) 

to 

ri -i+... +m ,-i( £ ( ti ...,*) <g> O(0, . . . , 0) B E*(-mi) B • • • B E*(-ro,)) 
and we can conclude that 

#°(.E(t 5 . . . ,i) ® O(0, . . . , 0) B E*(-l) B • • • B E*(-l)) # 0. 
This means that there exists a non zero map 

/ : E(t, ...,*)-► O(0, . . . , 0) B E* B • • • B E*. 

On the other hand 

flni +... 4 «.+mi-i+-+m,-i^( t) _ _ ,t)®0(-m-l, . . . , -n,-l)8E,(-mi)B- • •KE*(-m ? )) s 

ff«(£?(t, ... ,t) ® O(0, . .. ,0) B E*(-l) B • • • B E*(-l)). 
Let us consider the following exact sequences tensored by E v (—t, . . . , —t): 

-> O(0, . . . ,0) B E*(-l) B ■ ■ • B E*(-l) -► . . . 

► O(0, . . . , 0) B E* El ■ ■ • B E* 0. 

By using the Serre duality and the vanishing conditions in (1) we can conclude that 

H°(E v (-t, . . . , -t) <g> O(0, ,..,0)KSJ-SS*)^0. 

This means that there exists a non zero map 

g : O(0, . . . , 0) B E* B • • • B E* -> . . . , t). 

Then, by arguing as in [3] Theorem 1.2, we see that the composition of the maps / and g 
is not zero so must be the identity and we have that O(0, . . . , 0) B E* B ■ ■ ■ B E* is a direct 
summand of E(t, . . . ,t). 
By iterating these arguments we get (2). 

(2) (1). We argue as in Theorem f4. Ill Since H l (Q n , E*(e)) / if and only if i = 
and e > or i = n and e < —n — 1, we have that O(0, . . . , 0) B E* B ■ ■ ■ B E* O satisfies all 
the conditions in (1). □ 
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